A graph Γ is G-symmetric if G is a group of automorphisms of Γ which is transitive on the set of ordered pairs of adjacent vertices of Γ. If V (Γ) admits a nontrivial G-invariant partition B such that for blocks B, C ∈ B adjacent in the quotient graph Γ B of Γ relative to B, exactly one vertex of B has no neighbour in C, then Γ is called an almost multicover of Γ B . In this case an incidence structure with point set B arises naturally, and it is a (G, 2)-point-transitive and G-blocktransitive 2-design if in addition Γ B is a complete graph. In this paper we classify all G-symmetric graphs Γ such that (i) B has block size |B| ≥ 3; (ii) Γ B is complete and almost multi-covered by Γ; (iii) the incidence structure involved is a linear space; and (iv) G contains a regular normal subgroup which is elementary abelian. 
Introduction
All graphs considered in the paper are finite and undirected. A graph is called symmetric (or arc-transitive) if its automorphism group is transitive on its set of arcs, where an arc is an ordered pair of adjacent vertices. The purpose of this paper is to classify a family of symmetric graphs with complete quotients such that a certain incidence structure involved is a doubly point-transitive linear space. (A linear space [1] is an incidence structure of points and lines such that any point is incident with at least two lines, any line is incident with at least two points, and any two points are incident with exactly one line.) It is known that for such a linear space the group involved is either almost simple or affine. In the almost simple case the corresponding symmetric graphs have been classified in [13] . In the present paper we classify the corresponding symmetric graphs in the affine case, thus completing the classification of a larger class of symmetric graphs with complete quotients.
Let Γ be a graph with vertex set V (Γ). Let G be a finite group which acts on V (Γ) as a group of automorphisms of Γ (that is, G preserves the adjacency and non-adjacency relations of Γ). If G is transitive on V (Γ) and, in its induced action, transitive on the set of arcs of Γ, then Γ is said to be G-symmetric (or G-arc transitive). If in addition V (Γ) admits a nontrivial G-invariant partition B = {B, C, . . .}, that is, 1 < |B| < |V (Γ)| and any element of G maps blocks of B to blocks of B, then Γ is called an imprimitive G-symmetric graph. (This occurs if and only if the stabilizer of a vertex of Γ in G is not a maximal subgroup of G.) In this case the quotient graph of Γ relative to B, denoted by Γ B , is defined to be the graph with vertex set B in which B, C ∈ B are adjacent if and only if there exists at least one edge of Γ between B and C. We assume without mentioning explicitly that Γ B has at least one edge, so that each block of B is an independent set of Γ. Denote by Γ(α) the neighbourhood of α ∈ V (Γ) in Γ and set Γ(B) = ∪ α∈B Γ(α). For a fixed C ∈ B adjacent to B in Γ B , we call
the multiplicity of B. Since Γ is G-symmetric and B is G-invariant, |B|, |Γ(C) ∩ B| and m are all independent of the choice of B and C. If |Γ(C) ∩ B| = |B| or |Γ(C) ∩ B| = |B| − 1, then Γ is called a multicover (e.g. [20] ) or almost multicover of Γ B respectively; if in addition the edges between B and C form a matching, then Γ is called a cover or almost cover [25] of Γ B , respectively. The reader is referred to [10, 16, 19, 21, 24, 26] for some results on imprimitive symmetric graphs, and [22, 23] for two excellent surveys on symmetric and highly arc-transitive graphs. The case where Γ is an almost multicover of Γ B is interesting because it exhibits strong connections with transitive block designs. In fact, an incidence structure, denoted by D(Γ, B), arises [26] naturally in this case. Its points are the blocks of B; its blocks are the images of B(α) ∪ {B} under the action of G, where α ∈ B is a fixed vertex and B(α) = {C ∈ B : Γ(C) ∩ B = B \ {α}}; and its incidence relation is the set-theoretic inclusion. In general, D(Γ, B) is a 1-design of block size m + 1 [26, Lemma 2.2] . In the special case when Γ B is a complete graph, D(Γ, B) is a 2-(m|B| + 1, m + 1, λ) design with λ = 1 or m + 1 admitting G as a 2-point-transitive and block-transitive group of automorphisms (see [26, Corollary 2.6] or [6, Corollary 2.3] ). In the case when λ = m + 1, the corresponding graphs Γ have been classified in [6, Theorem A] . In the case when λ = 1, D(Γ, B) is a (G, 2)-point-transitive and G-block-transitive linear space, and the corresponding graphs Γ have been classified in [11, Theorem 1.1] (and [26, Theorem 3.19] using a different approach) and [13] when D(Γ, B) is trivial (that is, each line is incident with exactly two points) and nontrivial with G almost simple (that is, G has a nonabelian simple normal subgroup N such that N ✂ G ≤ Aut(N)), respectively. Interesting graphs arose from such classifications, including the cross ratio graphs [12, 26] associated with finite projective lines and unitary graphs [13] associated with classical Hermitian unitals. In the present paper we classify all graphs in the case when D(Γ, B) is a nontrivial linear space such that G is affine (that is, G contains a regular normal subgroup which is elementary abelian), thus completing the classification of all imprimitive G-symmetric graphs Γ with |B| ≥ 3 such that Γ B is complete and almost multi-covered by Γ, a project initiated in [26] .
Many graphs obtained from our classification are the affine flag graphs introduced in [26] . Let n ≥ 2 be an integer and q be a prime power. For n ≥ 3, the Desarguesian affine space AG(n, q) is the unique n-dimensional affine space up to isomorphism. However, for n = 2, there exist other affine planes whose combinatorial parameters are the same as AG(2, q). In particular, there are four non-isomorphic affine planes of order 9; one of them is the 'exceptional nearfield affine plane', which is also called 'Hughes plane'. Let Ω(n, q) denote the set of point-line flags of AG(n, q). Two lines of AG(n, q) are said to be intersecting if they have a unique common point, parallel if they are on the same plane of AG(n, q) but have no point in common, and skew in the remaining case. Define Γ + (n, q), Γ = (n, q) and Γ ≃ (n, q) to be the graphs with vertex set Ω(n, q) such that two distinct flags (u, L), (v, N) ∈ Ω(n, q) are adjacent if and only if L and N are intersecting, parallel and skew, respectively. These graphs were introduced in [26, Definition 3.10] , where the notations Γ + (A; n, q), Γ = (A; n, q) and Γ ≃ (A; n, q) were used to denote them. It can be verified (see [26, Theorem 3.14] ) that Γ + (n, q), Γ = (n, q) and Γ ≃ (n, q) have order q n (q n − 1)/(q − 1) and valencies (q n − q)(q − 1), q n − q and (q n − q)(q n − q 2 )/(q − 1), respectively. Moreover, Γ + (n, q) and Γ ≃ (n, q) have diameter two and girth three, while Γ = (n, q) is disconnected with each component a q n−1 -partite graph with q vertices in each part.
The main result in this paper is as follows. (a) D ∼ = AG(n, q), SL(n, q)✂G B for some B ∈ B, |B| = (q n −1)/(q −1), and m = q −1; moreover, the following hold:
(ii) if n = 2, then Γ is isomorphic to Γ = (2, q) or belongs to a family of connected graphs with order q 2 (q + 1);
The connected graphs in (a)(ii) will be defined in Definition 1, and their valency and connectedness will be given in Lemmas 6 and 7, respectively. Theorem 1 relies on the classification [17] of doubly point-transitive linear spaces (which in turn relies on the classification of finite simple groups) and the flag graph construction introduced in [26] . In the proof of Theorem 1 we will also use a result of Cameron and Kantor [2, 3] .
Preliminaries
The reader is referred to [5] and [1] for undefined terminology on permutation groups and combinatorial designs, respectively.
Flag graphs
In the proof of Theorem 1 we will use the flag graph construction introduced in [26] . We give an outline of this construction for the sake of completeness of the paper.
Let D be a 1-design which admits a point-and block-transitive group G of automorphisms. For two points σ, τ of D and a block L incident with σ, denote by G σ the stabilizer of σ in G, by G σ,τ the stabilizer of σ, τ in G (that is, the subgroup of G fixing each of σ and τ ), and by G σ,L the stabilizer of the flag (σ, L) (that is, the setwise stabilizer of L in G σ when L is treated as a set of points). A G-orbit Ω on the set of flags of D is said [26] to be feasible with respect to G if it satisfies the following conditions, where Ω(σ) denotes the set of flags of D contained in Ω with point entry σ:
Since D is G-point-transitive and Ω is a G-orbit on the flags of D, the validity of these conditions is independent of the choice of point σ and flag (σ, L).
G of Ω, is said to be compatible [26] with Ω if
This concept is well-defined since whenever (A5) is satisfied by some ((σ, L), (τ, N)) ∈ Ψ it is also satisfied by all other members of Ψ.
If Ψ is compatible with Ω and is also self-paired (that is, ((σ, L), (τ, N)) ∈ Ψ if and only if ((τ , N) , (σ, L)) ∈ Ψ), then the G-flag graph [26] Proof. Since D is a (G, 2)-point-transitive linear space, it is necessarily G-flag-transitive. Hence Ω is the only possible feasible G-orbit on the flags of D. Moreover, conditions (A2) and (A3) in §2.1 hold for Ω. Hence the second statement in (a) follows.
Some lemmas
We can see that Ψ = ((α, L), (β, N)) G is compatible with Ω if and only if α ∈ N and β ∈ L as we may choose
In the case when D is the affine space AG(n, q) and G ≤ AΓL(n, q), the group G has the following property. Lemma 4. Let n ≥ 1 be an integer and q be a prime power. Suppose that G ≤ AΓL(n, q) is doubly point-transitive on D = AG(n, q). If the set of flags of D is feasible with respect to G, then G 0 is 2-transitive on the set of points of PG(n − 1, q), where 0 is the zero vector of F n q .
Proof. Denote by L the set of 1-dimensional subspaces of 
Proof of Theorem 1
We write the elements of F n q as column vectors. Given x ∈ F n q \ {0}, denote the line of AG(n, q) through 0 and x by x = {ax : a ∈ F q }. A typical flag of AG(n, q) can be expressed as (u, x + u), where u ∈ F n q and x ∈ F n q \ {0}. Denote e 1 = (1, 0, . . . , 0) T , . . .,
where A ∈ GL(n, q), v ∈ F n q , and ϕ ∈ Aut(F q ) acts componentwise on F n q . As usual we may identify A ∈ GL(n, q) with t(A, 0, id), where id is the identity element of Aut(F q ).
Doubly transitive linear spaces (affine case)
In the proof of Theorem 1 we will use the classification of doubly point-transitive linear spaces [17] . The group involved is either almost simple or affine. Since the almost simple case has been dealt with in [13] , we focus on the affine case as required by Theorem 1.
Suppose D is a nontrivial (G, 2)-point-transitive linear space and G contains a regular normal subgroup which is elementary abelian. Then this subgroup has order v = p d , where d ≥ 1 and p is a prime. We may identify the point set of D with some vector space F ( In the rest of this section we assume that D and G are as above. We use Ω to denote the set of flags of D, and L to denote the unique block of D containing 0 and e 1 ∈ F n q . 2, 4 ). In the case when (p, t, d) = (2, 2, 2), we have v = 4 and D = AG(2, 2) can be viewed as the complete graph K 4 of four vertices, with each block {σ, τ } treated as an edge of K 4 and each flag (σ, {σ, τ }) identified with the arc (σ, τ ) of K 4 . Moreover, since G is doubly transitive on the point set of D, we obtain G = AGL (1, 4) or AΓL(1, 4) , and one can check that Ω is indeed feasible with respect to G. The only self-paired G-orbitals of Ω are
G
pairwise distinct}, and the corresponding G-flag graphs are isomorphic to 3 · K 2,2 and 4 · K 3 , respectively. In the case when (p, t, d) = (2, 2, 4), we have D = AG(2, 4) and G = AΓL (1, 16) , and one can verify that Ω is indeed feasible with respect to G. By [26, Theorem 3.13] and [26, Lemma 3.9] , the only G-flag graphs from this case are Γ + (2, 4) and Γ = (2, 4).
This subsection covers cases (ii), (iii) and (iv). First, we have L ⊆ e 1 by [17, Section 4] . If L = e 1 , then G 0,L is not transitive on F n q \ L and thus Ω is not feasible by [6, Lemma 2.9], contradicting our assumption. Therefore, L = e 1 , D = AG(n, q) and Ω = Ω(n, q). Suppose that Ω is feasible. Then by Lemmas 4 and 5 we have G 0 ≥ SL(n, q), and thus ASL(n, q) ≤ G (the case n = 4, p = 2 and G 0 ∼ = A 7 cannot happen since |Sp(4, 2)| is not a divisor of |A 7 |). Let
Then F(n, q) is the set of ordered pairs of flags compatible with Ω. We use Ψ + (n, q) (Ψ = (n, q), Ψ ≃ (n, q), respectively) to denote the set of ordered pairs ((σ, L), (τ, N)) in F(n, q) such that L, N are intersecting (parallel, skew, respectively). Since ASL(n, q) ≤ G, similar to the proof of [26, Lemma 3.9] , there are exactly three self-paired G-orbits on F(n, q) compatible with Ω when n ≥ 3, namely Ψ + (n, q), Ψ = (n, q) and Ψ ≃ (n, q). Hence any G-flag graph of D is isomorphic to Γ + (n, q), Γ = (n, q) or Γ ≃ (n, q) when n ≥ 3. It remains to consider the case when n = 2. We can see that Ψ = (2, q) is a self-paired G-orbit compatible with Ω, and the corresponding G-flag graph is Γ = (2, q). However, Ψ + (2, q) may not be a G-orbit. Let Ψ be a G-orbit on Ψ + (2, q). Since ASL(2, q) ≤ G, Ψ must be of the form
for some c ∈ F × q . For ϕ ∈ Aut(F q ), define
If Ψ is self-paired, then there exists some t(A, v, ϕ) ∈ G interchanging (e 1 , e 1 ) and (ce 2 , e 2 ), which implies that t(A, v, ϕ) stabilizes the intersecting point of e 1 and e 2 (that is, the zero vector 0), and thus v = 0 and A = A c,ϕ . Therefore, Ψ is self-paired if and only if there exists some t(A c,δ , 0, δ) ∈ G 0 for some δ ∈ Aut(F q ). In particular, if p = 2, then any
where Ω = Ω(2, q) is the set of point-line flags of AG(2, q), and Ψ is as in (3).
Lemma 6. Γ G,c (2, q) is a connected graph with q 2 (q + 1) vertices.
Proof. We use the notation above. Denote Γ = Γ G,c (2, q). By [6, Lemma 2.11], it suffices to prove that the group
is exactly G, where g ∈ G interchanges (0, e 2 ) and (−e 1 , e 1 + ce 2 + ce 2 ). Since Ψ is self-paired by our assumption, there exists some t(A c,δ , 0, δ) ∈ G 0 , and thus we can choose g = t(B c,δ , −e 1 , δ). Obviously, g does not stabilize e 2 \ {0} (as | e 2 | = q > 2). Since G 0, e 2 is transitive on e 2 \ {0} and also transitive on F 
Thus is a maximal subgroup in G 0 , we obtain J 0 = G 0 and therefore J = G. Hence Γ is connected.
Case 2: p = 2. Choose g in (4) to be t 1 1/c 0 1 , e 1 , id . Setting b = c, we ob-
Since q > 2, we can choose a ∈ F × q such that a + 1 = 0 and h 2 a,c g ∈ J 0 \ G 0, e 2 . Therefore, J 0 = G 0 , J = G, and Γ is connected. ✷ First, in order to determine the valency of Γ = Γ G,c (2, q), we introduce some notations. Let θ : F q → F q , z → z p be the Frobenius map of F q and a : F q → F q , x → ax the scalar multiplication by a ∈ F × q . Choose ω to be a fixed primitive element of F q . Then ω generates the multiplicative group GL(1, q) and ΓL(1, q) = ω, θ . Foulser [8] gives a standard generating set for each subgroup of ΓL(1, q). Set q = p ℓ . The presentation M = ω t , θ s ω e satisfying (F1)-(F3) is said to be in standard form with standard parameters (t, e, s).
The reader is referred to [8, Lemma 4.1] for the existence and uniqueness of a standard form for each subgroup of ΓL(1, p ℓ ), and to [6, 7, 8] for information about the structure of subgroups of ΓL(1, p ℓ ).
|V \ L| = 72 cannot divide |G 0,L | = |G|/(90 · 9) which is a divisor of 32 · 12. Therefore, by [6, Lemma 2.9] there is no feasible G-orbit on the flag set of D. Similarly, there is no feasible G-orbit on the flag set of D in cases (ix), (x) and (xi). Finally, we deal with case (viii). Suppose that Ω is a feasible G-orbit. Then |G 0 | = 240, 480 or 960 as shown in [6, Section 4.10, Case 1]. Similar to cases (vi) and (vii), it can be verified that D cannot be the 'exceptional nearfield affine plane' or AG (4, 3) . Hence D = AG (2, 9) . Now G 0 is a subgroup of ΓL (2, 9) , and by Lemmas 4 and 5 we obtain SL(2, 9) ≤ G 0 . However, this cannot happen as |G 0 | is a divisor of 960 but |SL(2, 9)| is not. Therefore, the set of flags of D is not a feasible G-orbit.
Proof of Theorem 1
Theorem 1 follows from Lemma 2 and the discussion in §3.1-3.5. Note that, by Lemma 2 and the remarks below it, D takes the role of D(Γ, B) and so G 0 takes the role of G B for some B ∈ B, leading to the statements about G B in Theorem 1.
